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Abstract:  

 We definition A metric space X is a topological space in which the topology is 

given by a metric, or distance function, d, which is a non-negative, real valued 

mapping of X × X with the following properties: 

For all           

                    (1) d(x, y) = 0 iff x = y, 

                    (2) d(x,y) = d(y,x), and 

                    (3) d(x,z) ≤ d(x,y) + d(y,z). 

 

We shall denote by R the field of real numbers. Then we shall use the Cartesian 

product  

R
n
 = R × R × . . . × R of ordered n-tuples of real numbers (n factors). 

 Typical notation for x   R
n
 will be   (       ). 

 

It is known that: 

a. The n-dimensional Euclidean space R
n
 with the "usual distance", this is 

      Sometimes called the 2-metric d2.   

          (   ) =  √∑ (     )
  

       

b. The n-dimensional Euclidean space R
n
 with the "taxi cab" metric, this is often  

     called the 1-metric d1. 

        (   ) = ∑ |     |
 
     

 



 
 

 

c. The n-dimensional Euclidean space R
n
 with "supremum" or "maximum" metric, 

It is often called the infinity metric   . 

         (   ) =          *|     |+. 

All of them are metric spaces [1, 2], and denote this metric space 

(     ) ( 
    ) ( 

    ) respectively. 

 

Let f  be a function from a metric space (   ) on a metric space (   ). 

We say that f is an isometry if  (   )   ( ( )  ( ))  for any        

 

It is known that the two spaces (     ) ( 
    ) are isometric. It is known, too, 

that the space (     ) is not isometric for both of them [3].  

The proof of that (the space (     )is not isometric for both (     ) ( 
    )) is 

based on that (     )  is not isometric for (     ) , and that concludes that 

(     )  is not isometric for (     ), too [3]. 

 

Here, we extend this conclusion by showing that the two spaces  

(     ) ( 
    ) are not isometric for every dimension    . 

Keywords:"Metric spaces", "usual distance", "maximum metric", "taxi cab 

metric", and "isometric between metric spaces". 

 

 

 

 



 
 

 

:البحث تلخيص  

:1تعريف   

ٌ انطٕبٕنٕجٍا انًؼطاة ػهٍّ ًْ قٍاسَّ فشاؽ طٕبٕنٕجً بحٍث أ، ػهى أ ف بانشٌاضٍاث فشاؽ قٍاسًَؼش      

  (   ,      يؼشفت كانتانً:  أي دانت بؼُذ،

 :        نكم،  ٔبحٍث ٌتحقق

1) x = y    ارا ٔفقظ اراd(x, y) = 0. 

2) d(x,y) = d(y,x). 

3) d(x,z) ≤ d(x,y) + d(y,z). 

ٕ  (   ) ٔػُذْا ٌقال نهزٔج انًشتب  ً  فت ػهٍّ ػهى أٌ يٍ انفشاؽ ٔدانت انبؼذ انًؼش  انًك  .َّ فضاء قٍاس

 :2تعريف 

  ً Rنّ ٌشيز  أ انفشاؽ الإقهٍذي يٍ انبؼذ انؼاو ٔانزي انفشاؽ انَُٕ
n 

 ،n  ْٕف ، ٌؼش  ػذد صحٍح يٕجب

 كانتانً:

   *(       )           + 

 :1حقائق 

 يؼشٔف أ  ً َّ فضاء ػهى أ    ،يغ دانت انبؼذ انؼادٌت    صاحب انبؼذ انؼاو  ٌ انفشاؽ انَُٕ

ًْٔ  تانبؼذ الإقهٍذٌتسًى دانت انبؼذ انؼادٌت أٔ دانت   d2. انذانت (     )، ٌٔشيز نّ [3]قٍاسً،

 يؼشفت: 

   (   ) =  √∑ (     )
  

    

 

  ا فضاء ٌض  ْٕ أ   ،يغ دانت انبؼذ نًجًٕع انقٍى انًطهقت     كزنك انفشاؽ انًَُٕ صاحب انبؼذ انؼاو

 تسًى دانت انبؼذ نًجًٕع انقٍى انًطهقت ًْٔ يؼشفت:  d1. انذانت (     )،  ٌٔشيز نّ [3]قٍاسً،

   (   ) = ∑ |     |
 
    



 
 

   ٔانزي ٌشيز نّ     يغ دانت انبؼذ انؼظًى   ا انفشاؽ انًَُٕ صاحب انبؼذ انؼاو أٌض(     ) ،

 تسًى دانت انبؼذ انؼظًى ًْٔ يؼشفت:   . انذانت [3]كزنك ْٕ فضاء قٍاسً،

   (   ) =          *|     |+. 

 :3تعريف 

 ،   fرا ٔجذث دانت اٌ فًٍا بًٍُٓا بانقٍاس إيتسأٌ (   )ٔ  (   )ٌ فضاءٌٍ قٍاسٍٍٍ َقٕل أ

  (   )  (   ) 

 تحقق:         

 .(   )ػهى انفضاء انقٍاسً  (   )يٍ انفضاء انقٍاسً   f  انذانت (1

(   ) :      نكم  ٌتحقق (2   ( ( )  ( )). 

 .(   )ٔ  (   )ٌزكش اٌ انذانت تسًى بٓزِ انحانت دانت انًقٍاس بٍٍ انفضاءٌٍ 

 

 

 :2حقائق 

 يؼشٔف أ ٌ  ً أي انفضاء    ،يغ دانت انبؼذ نًجًٕع انقٍى انًطهقت     ثُائً الابؼاد انفشاؽ انَُٕ

 يغ دانت انبؼذ انؼظًى أي انفضاء انقٍاسً     ٔانفشاؽ انًَُٕ ثُائً الابؼاد  (     )انقٍاسً  

  .[1,4] انقٍاس، ، ًْا فضأاٌ يتسأٌا(     )           

 أ اض  أٌ يؼشٔف  ً أي انفضاء انقٍاسً     ،يغ دانت انبؼذ انؼادٌت     ؼاد ثُائً الأب ٌ انفشاؽ انَُٕ

 ) ٔ(     )غٍش يتسأي انقٍاس يغ كلا انفضاءٌٍ انقٍاسٍٍٍ  (     )
    ) ،[2]. 

 ) ٔ(     )ٌ انفضاءٌٍ ْاٌ انحقٍقت انثاٍَت ٌكفً بشُْت أنبش
بانقٍاس ٔرنك  ٍغٍش يتسأٌٍ (    

 ) ٔ(     )انفضاءٌٍ  اٌ ا ػهى انحقٍقت الأٔنى حٍث اػتًاد  
 ًْا َؼى يتسأٌا انقٍاس. (    

 ) ٔ(     ) :ٌ انفضاءٌٍغ ْزِ انُتٍجت َٔبشٍْ أفً ْزا انًقال سُٕس  
غٍش يتسأٌٍٍ فً انقٍاس  (    

      نكم بؼذ

 

 



 
 

 

 :اجمال

 :ُظشٌت انتانٍتانبشْاٌ انشٌاضً نهسئٍسٍت ًْ نذٌُا َتٍجت َّ ْزا انًقال أيهخص  

 :نظرية

ً  أ  ،(     )أي انفضاء انقٍاسً    يغ دانت انبؼذ انؼظًى   صاحب انبؼذ انؼاو  ٌ انفشاؽ انَُٕ

  ً  ، (     )اي فضاء قٍاسً    ،يغ دانت انبؼذ انؼادٌت    صاحب انبؼذ انؼاو  ٔانفشاؽ انَُٕ

      غٍش يتسأٌٍٍ فً انقٍاس نكم بؼذ

 

 قهٍذي انؼادي"، "انبؼذ نًجًٕع انقٍى انًطهقت"، "دانت انبؼذ ا"فضاء قٍاسً"، "انبؼذ الإ :كلمات مفتاحية

 نؼظًى"، "فضاءاث يتسأٌت انقٍاس".

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

 

Our main result is the following theorem: 

Theorem: 

 The two spaces   (     ) ( 
    ) are not isometric for every dimension ,   . 

Proof: 

 We suppose by contradiction that there is an isometry 

                              (     )  ( 
    ). 

Assume without loss of generality that   maps the origin to the origin. That means,  

                             (        )  (        ), 

 Because if not, and: 

                                 (        )  (         )  

When      for all        and not all of them are zeros. 

 By looking at this function: 

                                       (     )  ( 
    )  

When  (        )  (              ) for all   (    
 )    . 

It is clear that   is isometry because it is a sliding function, and the composing 

function: 

                                          (     )  ( 
    )   

 

 

 

 

 



 
 

 

 

Is isometry, depending on the state that the composition of an isometry function is 

isometry as well. 

 By that: 

(    )(     )   ( (     ))   (       ) 

a (             ) 

a (     ) 

That means that     is an isometry and maps the origin to the origin. 

From here, it is possible to assume that there is an isometry function 

                                                (     )  ( 
    )  

Moreover, it maps origin to origin: 

Looking at the following points into (     ): 

  (     ) 

  (        ) 

                                                                 (           ( 

                                                                (            ) 

It is clear that: 

                      (   )    (   )    (   )   . 

 That means that           are three points at a unit circle that its center is the 

origin. 

 

 



 
 

 

Moreover, it is clear, as well. That their (the three points           ) mutual 

distance is 2 from each other: 

                           (   )    (   )    (   )     

Now, by looking at the following points at (     ): 

                                      ( )  ( )  ( )  ( )  

 It is clear that  ( )   . 

Since that   is an isometry, and specifically, preserves distances, 

 Causing that: 

  (   ( ))    (   ( ))    (   ( ))    

At the space (     ). 

Which means that the three points  ( )  ( )  ( ) are three points at a unit circle 

that its center is in the origin. 

Furthermore, the mutual distances between each other are 2, because of the fact 

that   is an isometry. 

  ( ( )  ( ))    ( ( )  ( ))    ( ( )  ( ))     

 

Which is contradiction, this state cannot happen at the space (     ). 

This completes the proof of the theorem. 

 

 

 

 



 
 

 

Main result: 

Our main result is the following theorem: 

Theorem: 

 The two spaces   (     ) ( 
    ) are not isometric for every dimension    . 

 

Conclusions: 

After having the result mentioned above proven, we can refer to the following 

issues in question:  

1. What are the dimensions (n), assuming that such dimensions exist, by which the 

spaces       (     ) ( 
    ) are isometric? 

2. What are the dimensions (n), assuming that such dimensions exist, by which the 

spaces       (     ) ( 
    ) are isometric? 
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